The concept of quasi-PT symmetry in optical wave guiding system is elaborated by comparing the evolution dynamics of a PT -symmetric directional coupler and a passive directional coupler. In particular we show that in the low loss regime, apart for an overall exponentially damping factor that can be compensated via a dynamical renormalization of the power flow in the system along the propagation direction, the dynamics of the passive coupler fully reproduce the one of the PT -symmetric system.
in Nature a system that exhibits such a peculiar Hamiltonian.
Almost in parallel with the development of PT -symmetric quantum mechanics, optics, and in particular waveguiding structures, attracted a huge interest as a laboratory tool for mimicking the evolution dynamics of quantum systems, thanks to the mathematical correspondence between the paraxial wave equation that describes the propagation of light in a guiding structure and the Schrödinger equation [8] . The analogy, moreover, does not limit itself only to the non relativistic case, and very recently optical analogues of relativistic effects such as Klein tunneling [9] , Zitterbewegung [10] and pair production in vacuum [11] have been proposed. In 2007, the concept of PT -symmetry was brought into optics [12] , revealing that optical systems are the natural candidates to realize in an easy way PT -symmetric systems. In the last years, PT -symmetric optical systems attracted a large amount of interest and this topic was extensively studied [16] [17] [18] [19] [20] [21] [22] .
A common feature of all these PT -symmetric optical systems is that in order to achieve PTsymmetry, an equal amount of gain and losses must be present in the system. However, in several works quasi-PT -symmetric systems were considered, in which only loss is present in the individual waveguides and no gain [15, 23, 24] . Such a scheme of an optical system partly lossless and partly lossy was also studied well before the introduction of PT -symmetry as a way to reduce soliton jitter and noise power in optical fibers [25] . It is the aim of this paper to provide a detailed proof that in such passive systems the evolution dynamics is in fact the same as in systems with exhibiting gain and loss, up to a global exponential damping factor and for sufficiently small losses.
We base our considerations on the prototypical example of a PT -symmetric directional coupler, but the extension to general lattices is straightforward.
This work is organized as follows: in Sect. 2 we briefly review the salient features of a PTsymmetric directional coupler with balanced gain and losses. in Sect. 3 we introduce the concept of quasi-PT -symmetry by analyzing the evolution of a light field in a directional coupler with unbalanced losses and we show that the dynamical features are exactly the same as in the full-PT -case. Conclusions are then drawn in Sect. 4.
II. PT -SYMMETRIC OPTICAL COUPLER
We begin our analysis by considering a monochromatic scalar electric field ψ(x, z) characterized by a frequency ω 0 and a wavelength λ = 2π/k that propagates inside a directional coupler. We assume that the mode field inside the coupler is strongly confined along the y-direction, so that the beam dynamics in such a system can be taken to be one-dimensional in the transverse plane. The evolution of the light field ψ(x, z) inside such a structure is governed by the following dimensional paraxial equation:
where z and x are suitably chosen dimensional coordinates and the scalar electric field ψ(x, z) onto the eigenmodes of the coupler as
where β is the real (due to PT -symmetry) propagation constant and the eigenmodes u k (x) are normalized according to [12, 13] 
we can describe the evolution of light in such a system via the following coupled mode equations:
where κ is the usual coupling coefficient and ∆ + iγ is the shift in the propagation constant due to the coupling interaction. Note that here instead of following the design of Ref. [12] where a single waveguide experiences both gain and losses in equal amount, we employ the dimer idea developed in Ref. [14] , where PT -symmetry is obtained by inserting gain in the first waveguide and losses in the second one in equal amount. We note moreover that the real part ∆ can be neglected because it can be eliminated by a gauge transformation, that corresponds to consider the two waveguides to have no relative detuning [26] . Without loss of generality we then set ∆ = 0 in Eq. (4). According to Ref. [15] , as long as κ/γ > 1 the PT -symmetry is unbroken and light is periodically exchanged between the two waveguides. On the other hand, PT -symmetry is said to be broken when κ/γ < 1 and the light dynamics become exponentially growing in one waveguide and exponentially damping in the other one [15] . Light evolution in these two regimes is depicted in Fig. 2 .
III. QUASI-PT -SYMMETRIC OPTICAL COUPLER
The directional coupler described in the previous section fully implements a PT -symmetric system, and it is realized according to the rule described in Ref. [14] , namely to insert gain in one waveguide and losses in the other one in equal measure. Although this appears to be the normal way of building a PT -symmetric structure in optics, it appears to be quite complicated to be realized experimentally, as a full control of gain and losses is a very crucial task. It is therefore interesting to study whether a similar physical problem as the one described in the previous section can be obtained by exploiting only passive systems, and create a loss unbalance between the two waveguides instead of a gain and loss structure. Let us then consider a directional coupler in which each waveguide experiences a different level of losses, and no gain is inserted in the system. The complex refractive index profile is delicted in Fig. 1 (b) . Using a standard coupled-mode theory [26] , the propagation of a light beam in such a structure can be described as follows:
where γ 1,2 accounts for the losses in the first and second waveguide respectively and κ has been defined before as the coupling coefficient. It is interesting to compare this equation with Eq. (4) with ∆ = 0. While in eq. (4) there is only a sign difference between the two diagonal elements, here in principle γ 1 γ 2 but the sign is the same. The sign discrepancy is due to the fact that while Eq. (4) describes a gainy/lossy system, Eq. (5) describes a lossy system only. Note, moreover, that since the diagonal elements of the matrix in Eq. (5) are purely imaginary, they cannot be removed via a simple phase transformation. We can however exploit a common trick used in quantum field theory known as Wick rotation [27] , that consist in rotating the time axis (in this case the propagation axis) by π/2 in the complex plane, thus employing a complex time (in our Comparison between the evolution in the unbroken PT -symmetry regime (κ/γ = 15) of the fractional power for the quasi-PT -symmetric system |ã 1 (z)| 2 (blue line) and the corespondent PT -symmetric system |c 1 (z)| 2 (red line). As can be seen, apart from an exponential damping factor that progressively reduces the intensity along z, the dynamics in the two cases is identical.
case a complex propagation direction) instead of a real one. This trick is very useful especially in lattice quantum field theory, to transform the Minkowski metric to an euclidean metric, allowing methods of statistical mechanics to be used for evaluating path integrals on a lattice [28] . If we define ζ = iz and substitute this ansatz into Eq. (5), we obtain
We can now make the following phase transformation
and then transform back to the real propagation axis z to obtain
Before proceeding with the analysis of Eq. (8), a couple of words of explanations on this procedure are needed. First, note that thanks to Eq. (7), to restore the initial amplitudes a 1,2 (z) one needs to multiply the solutions of Eq. (8) by an exponentially damping factor exp (−γ 1 z). While theoretically this only accounts to a gauge transformation in Wick space, experimentally the presence of this extra damping term is not a problem since once the amount of losses γ 1 is known, this term can be easily eliminated via post processing of the acquired image.
It is now instructive to calculate the eigenvalues of the matrix that appears in Eq. (8) and compare them with the ones from Eq. (4). If we call µ 1,2 the eigenvalues of the PT -symmetric system (4) and λ 1,2 the ones for the passive system (8), we have the following result:
If we now choose γ 2 − γ 1 = 2γ, where γ is the same value of gain/loss that appears in the PTsymmetric case, then, apart from a common imaginary part (that will result in an exponential damping factor), the dynamics of the passive system is the PT -symmetric case, as
This is the main result of this paper: the dynamics of a PT -symmetric system are exactly the same as the dynamics of a passive one (i.e., a system with only losses) provided that the losses of the system are chosen in such a way that γ 2 − γ 1 = 2γ.
A comparison between the dynamics of a passive system as described by Eq. (8) and the correspondent PT -case is depicted in Fig. 3 for unbroken PT -symmetry and in Fig. 4 for the broken PT -symmetry case. This is true for the dynamics of the passive system in terms of the amplitudesã 1,2 (z). However, while below threshold (Fig. 3(b) ) the presence of the exponential damping factor only affects the intensity of the light that propagate in the quasi-PT system, above threshold ( Fig. 4(b) ), where the PT -symmetry is broken, the behavior of the quasi-PT system and the PT one are profoundly different, and one needs to compensate for the overall damping factor dynamically by performing a z-dependent normalization of the power evolution inside the system in order to restore the real PT dynamics. As a last remark, in Fig. 5 the comparison between the quasi-PT and the PT -dynamics for different values of the ratio κ/γ below threshold is reported.
As it can be seen, the equivalence between the dynamics is only trivial when κ/γ ≫ 1 or γ ≪ 1. In this case, a compensation of the losses in the system is not needed, as the amount of losses is small enough not to disturb the underlying PT -like dynamics. If the losses increase, however, these dynamics start to get obscured by the high losses of the system, and an immediate correspondence between the two cases cannot be established anymore. This is also consistent with the fact that in systems with high losses the light trapped in the waveguides gets quickly absorbed or scattered away, and the characteristic length upon which the dynamics takes place is too small to allow any (κ/γ = 1/3) of the fractional power for the quasi-PT -symmetric system |ã 1 (z)| 2 (blue line) and the corespondent PT -symmetric system |c 1 (z)| 2 (red line). As can be seen, above the PT -threshold, the presence of the overall damping exponential term makes the dynamics of the quasi-PT system very different from its PT -counterpart. However, if the exponentially damping term is compensated by a z-dependent power normalization, the two dynamics perfectly coincide. interesting dynamics to be seen.
IV. CONCLUSIONS
In conclusion, we have shown that a gain/loss structure as the one described in Ref. [14] is not a necessary condition for an optical system to show PT -symmetry. By employing a passive (i.e., lossy) system, we proved that although this latter system follows a non-Hermitian dynamics, for small enough losses the dynamical behavior of such a system is, up to an overall exponential damping factor, perfectly reproduces the characteristic dynamics of a PT -system. To prove this we performed a Wick rotation of the system and applied a gauge transformation in Wick space to eliminate the losses in one of the waveguides and thus define the loss unbalance, that is the governing parameter of the system. Our results show that below the PT -symmetry breaking threshold, the dynamics of the two systems are fully equivalent (in the low loss regime), while above this threshold, a dynamical power renormalization as a function of the propagation distance is needed in order to extract the fully PT -dynamics. As can be seen, as the losses increase, the discrepancy between the two curves also increases, and the main effect on the dynamics is that the quasi-PT system is no longer able to faithfully reproduce the dynamics of its PT -counterpart. This is in particular visible in panels (c) and (d) where the period of the two curves is not matched.
As a final remark we note that our results can be of high importance for experimental realizations of PT -symmetric optical systems, as controlling the amount of losses in a passive system is surely an easier task than inserting a gain structure in an optical system.
Aknowledgements

